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 

Abstract: In this paper, the analysis and modeling of six joint 

axes of a robotic arm having three DOF spherical arm and three 

DOF spherical wrist have been done to solve the kinematics and 

inverse kinematics. Kinematics provides the rational explication 

of a robotic manipulator. For the analysis of industrial robotics 

manipulator a particular type of kinematics model is required. The 

Denavit Hartenberg criterion has been used to solve the 

kinematics equations. MATLAB, Firefly Algorithm (FFA) and 

Roboanalyzer have been used to get the home position and 

differences in error at different values of six-DOF manipulator. 

Error can be optimized to as low as 10-17with the firefly algorithm. 

  

Keywords: Robotic arm, MATLAB, Firefly, Roboanalyzer.  

I. INTRODUCTION 

Robotic systems are not simply robots, but can also be 

used with other devices and systems to perform different 

tasks. Today‟s Robots are used in various applications where 

human work can be replaced and automated. There are 

various applications where a robotic arm is used in painting, 

carpentry and hardware verification [1]. Due to developments 

in manufacturing technologies, micro-assembly can be done 

easily and finds applications in semiconductor processing 

and assembly, agricultural, aeronautics, railways, energy 

industries, the aerospace industry and precision material 

processing [2], [3].  

Today, Robots have been used not only in the 

manufacturing industries, but also finds applications in 

wiping, discerning and extricating operations [6]. Forward 

and inverse kinematics studies of industrial robots have been 

presented in a number of papers in the last five decades. 

Using Denavit-Hartenberg conventions and associated 

homogenous transformation matrix presents only in few 

papers shows that kinematics modeling can be directly 

implemented on real-time industrial robotic arms [5], [7], 

[25]. 

Industrial robots can be employed to carry out 

undiversified tasks that require more accuracy and swiftness 

which cannot be easily achieved by human beings. By using 

these robots the quality of products and efficiency has been 

improved in manufacturing [11]. 

In the robotic arm dexterity and flexibility can be managed 

with three DOF for positioning the gripper at a particular 
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location and the remaining for orientation assimilation. The 

first three joints and the last three joints that find position and 

orientation are used to control and teaching the robotic arm 

[7], [8], [21]. 

It was very difficult to find the trajectory planning and 

analysis of the kinematics solution of higher DOF and 

multi-link manipulators as they show variations for very 

small change in parameters [10], [22]. 

Various swarm algorithms have been used to solve the 

kinematics of an industrial manipulator. Firefly algorithm 

[27]-[32] which is based on swarm intelligence is used to 

optimize the Euclidean distance and the absolute error. 

II. KINEMATICS 

Robots may be moved relative to different coordinate 

frames. Robot motions are accomplished in the following 

three coordinate frames [1].  

1. World Reference Frame: Here Joints move 

simultaneously to give motions along the x, y, and z axes as 

shown in fig.1. 

2. Joint Reference Frame: shows movements of individual 

joints as shown in fig.2.  

3. Tool Reference Frame: shows movements of the hand 

relative to a frame of the robot's hand. Unlike the world 

frame, the local tool frame moves with the robot as shown in 

fig.3. 

 
 

Fig.1: World Reference Frame [1] 

 

 
Fig.2: Joint Reference Frame [1] 
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Fig.3: Tool Reference Frame [1] 

 

The Homogeneous transformation that gives the 

reciprocity in the joint variables & the location, with the 

orientation of a robotic arm, can also be referred as Kinematic 

transformations [6], [12], [19, [20]. 

Kinematics is of two types:  

a. Direct kinematics  

b. Inverse kinematics  

 Denavit Hartenberg gave four independent parameters to 

derive a formula for the rotary and prismatic joints of a 

robotic arm. These parameters are called D-H parameters 

[12], [15], [24].  

The four parameters for connecting reference frames to 

other frames of a robotic arm are as follows: 

 di - distance from the previous frame to the 

perpendicular convergence of next frame xi through zi-1 [7]. 

 ai - Offset distance between the common 

perpendicular of axes zi-1 and zi [17]. 

 θi - Joint angle 

 αi – offset angle 

 

 
 

Fig.4: D-H Parameters for Frames [17] 

For the multiplication of two matrices, there should be the 

same number of rows and column. The homogeneous 

transformation matrix is given by [1], [7]: 
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Here n, s, a, and p are the elements of rotation and position 

matrices for x, y, and z-axis. Three basic rotation matrices 

about x, y or z-axis for an angle theta is [6] as follows: 
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Here c(theta) and s(theta) are the sine and cosine of the 

joint angle theta. Each homogeneous transformation Ti for an 

i
th 

frame can be written as: 

 

𝑻 i = Rz,thetai * Transz,di * Dx,a(i-1) * Rx,α(i -1)
 (5) 

 

The matrices for a given manipulator can be obtained using 

matrix T [1], [15] for any angle θ using (6): 
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2.1 Stanford Robotic Arm 

Victor Scheinmann (1969), designed the first classic robot, 

called “Stanford Arm”, has been used for computer control 

and computations. 

The first three joints, two revolute and one prismatic joint 

constitute the spherical configuration (RRP) and last three 

(RRR) joint motions roll (joint4), pitch (joint5) and roll 

(joint6) respectively constitute the spherical wrist, which 

orients the end-effector of the arm. The wrist configuration is 

known as “Euler Wrist”. Here P is used to represent prismatic 

joint and R for revolute joints. 

 
Fig.5: Stanford manipulator [16] 

Consider a 6 DOF manipulator having five revolute joints 

and one prismatic joint. There are seven frames having 

different coordinates by using the right-hand coordinate rule 

as shown below in the fig.6. 
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Fig.6: Coordinate frames 

 

The zero position of the manipulator is shown in fig.7 for 

theta1 theta2 at 0
0
. 

 

 
 

Fig.7: Joint offset (d2, d3) and height (h1) [17] 

 

Table- I: DH Convention [6], [17] 

Links 
DH Parameters 

thetai ai-1 αi-1 (degree) di  

J1 Theta1 zero zero h1 

J2 Theta2 zero   pi/2 d2 

J3 Zero zero - pi/2 d3 

J4 Theta4 zero zero zero 

J5 Theta5 zero   pi/2 zero 

J6 Theta6 zero - pi/2 zero 

 

Here the values are calculated from the coordinate frame 

using DH representation as shown in Table-1 [6], [17]. 

The DH matrices can be obtained using the (6) and the 

matrices are as follows: 
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The Transformation matrix 𝑇6
0  can be calculated by 

multiplying the matrices T1
0 to T6

5 as shown in (14) 
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Here c1,c2 and s1,s2 are the sine and cosines for angles 1 

and 2 respectively. Similarly, other angles are 

cos theta4 = c4, sin theta4 = s4;
 

(15) 

cos theta5 = c5, sin theta5 = s5;
 

(16) 

cos theta6 = c6, sin theta6 = s6;
 

(17) 

The forward kinematics equations after solving the 𝑇6
0

 

matrix are given by 

px = d2s1 − d3c1s2;
 

(18) 

py = −d2c1 − d3s1s2;
 

(19) 

pz = h1 + d3c2;
 

(20) 

nx = −c6 c5 s4s1 − c4c2c1 +
 s5s2c1−s6s4c2c1+s1c4;  

(21) 

ny =  c6 c5 c2c4s1 + c1s4 +
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sx =  s6c5 s1s4 − c4c1c2 +
c1s2s5 −c6s4c2c1+s1c4;  

(24) 

sy = (c6 c1c4 − c2s1s4) −
s6c5c1s4 +c2c5c4s1−s5s1s2);  

(25) 

sz =  −s6 c2s5 + c4c5s2 − c6s2s4 ;
 

(26) 

ax = s1s4s5 − c4s5c2c1 − c1c5s2;
 

(27) 

ay =  −s5(c2c4s1 + c1s4 − s1c5s2);
 

(28) 

az =  −c4s2s5 + c2c5 ;
 

(29) 
 

The location of the end-effector can be evaluated from the 

above equations if the values of the joint variables have been 

defined properly. 

At the home position (theta1 = theta2 = theta4 = theta5 = 

theta6 = 0
0
 and d3 = L3), assuming L3 has a minimum size of 

prismatic link, the location of the robotic arm can be 

computed as: 
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Using Roboanalyzer, 3-D view of a Stanford manipulator 

at home position has been shown in Fig.8. 

 

 
Fig.8: 3-D view of Stanford Manipulator 

In inverse kinematics, tool configurations are required, 

which is described by the orientation matrix (first 3*3 

elements) and positions (px, py, and pz) of the manipulator. 

Here, as we are dealing with six-axis manipulator to control 

its position & orientation, its inverse kinematics equations are 

required. Inverse kinematics results in multiple solutions 

[18]. 

No direct solution can be found for any of the joint 

variables from the above equations. To solve for a set of 

angles inverse matrix approach has been used where we can 

pre-multiply or post-multiply both the sides with the inverse 

of matrix one by one.  

For any matrix inversion method 
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Here I is the Identity matrix 

T1 = (T
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1
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; (32) 

T2 = (T
0

1 *T
1

2 )*T1; (33) 

To get the values of angle theta post-multiply T1 with T 

from the (1) 

T1 ∗ T = T ;2

6

 (34) 

Terms on both sides are equated and unknown joint angles 

and d3 can be calculated.  

The equation of joint angle becomes 

theta1 = atan2 px, −py ± atan2 k1, k2 ;
  

(35) 
 

Here k1 and k2 are 

 

k1 =  (px)2 + (−py)2 − d22;
 (36) 

k2 = d2;
 

(37) 
 

atan2 function has been used to uniquely specified the joint 

angle in the range of 2π. 

theta2 = (c1px + s1py, h1 − pz)
 

(38) 

d3 = pzc2 − h1c2 − pxc1s2 − pys1s2
 

(39) 

theta4 = atan2( axs1 − ayc1 ,  − azs2 +
axc1c2+ayc2s1;  

(40) 

theta5 = atan2(s5, c5)
 

(41) 

theta6 = atan2(s6, c6)
 

(42) 
 

By using inverse kinematics joint angles can be obtained 

that have multiple solutions. With the increase in the DOFs 

the complexity of the robotic arm structure increases and it 

becomes very difficult to find the solution using classical 

methods. Simulations have been performed using MATLAB 

software with Firefly algorithm (FFA) to reduce the error 

between the predicted and deduced values. 

III. SIMULATION 

The firefly is a swarm technique where fireflies get 

attracted by the light intensity of other fireflies [5], [27]-[30].  

The absorption of intensity is as follows: 

I = I
2

*0

re   (43) 

The attractiveness can be written as: 

β = β 0 ∗ e
2r  (44) 

I0 is the actual intensity and β0 is attractiveness at distance 

r=0. The values of Firefly parameters have been specified 

after performing iterations with random values of 

combinations in their particular limit. The values of 

parameters can be changed depending on their maximum and 

minimum value. 
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Table- II: Firefly Parameters [32] 

S.No. 
Parameters 

Variables  Range 

1. No. of Iterations(It) 100-2000 

2. Swarm Size 20-50 

3. γ 0 to 1 

4. β0 1 to 2 

5. α 0.02 to 0.2 

6. α_damp 0.98 

7. δ 0.05*(VarMax-VarMin) 

 

In the Table-II the firefly parameters γ, α, β0, and δ are light 

absorption coefficient, mutation coefficient, attraction 

coefficient base value, and uniform mutation range 

respectively. α_damp is the mutation coefficient damping 

ratio [31], [32]. 

Fitness function to optimize the error is given by: 

Fitness = w 1 ∗ Fit + w 2 ∗ Error;
 (45) 

The fitness function shown in (45) has been defined based 

on the position of X, Y and Z. The fitness Fit is the distance 

between the target and calculated value and Error is the 

absolute sum of errors for the random set of joint angles. Here 

w1 and w2 are the weights having sum to be 1. 

The value of w1 depends to the extent those results based 

on the initial position to target position having X, Y and Z 

coordinates only, but w2 gives values of the absolute error 

between the predicted and deduced values. The priority of 

position or error decides the value of w1 and w2. 

IV. RESULTS 

In this paper to obtain the target position of (px py pz) at (5, 

-12, 15) the values considered are h1=15cm, d2=12cm, 

d3=5cm. 

VarMin =  1802518090180  ;
 

(46) 

VarMax =  1802518090180 ;
 (47) 

The results for the fitness function as shown in (45) and 

calculated values of f1, f2, X, Y, Z are shown in Table-III at 

different iterations (It). 

 

Table- III: Iteration and Fitness 

S.No. 
Fitness 

It Fitness Calculated X,Y,Z 

1 100 0.0451 5.0655, -11.9723, 15.0654 

2 200 0.0040 4.9914, -12.0036, 15.0027 

3 300 0.0006 5.0002, -11.9999, 14.9993 

4 400 6.54E
-05

 5.0001, -12.0000, 15.0000 

5 500 1.36E
-05

 5.0000, -12.0000, 15.0000 

 

The joint angles theta1, theta2, theta4, theta5 and theta6 

(T1, T2, T4, T5 and T6) has been calculated for the Fitness 

function of (45) at different iterations (It) are shown in 

Table-IV. 

 

 

 

Table- V: Iteration and Joint angles 

S. 

No. 

Fitness 

It T1 T2 T4 T5 T6 

1 100 -62.83 -7.84 77.28 5.11 -7.30 

2 200 -11.78 7.85 7.39 17.28 -20.51 

3 300 -80.89 32.98 31.18 -14.14 33.02 

4 400 25.92 -17.28 63.00 -14.14 -57.54 

5 500 -55.76 58.12 -3.67 -7.85 9.87 

 

The Graph obtained at the end of the 500
th

 iteration for the 

Fitness function of (45) is shown in fig.9 

 
Fig.9: Fitness vs. No. of iteration 

When the distance will be intimidating and w2 is zero, then 

fitness function will be considered as Fit (distance) as shown 

in (45). The Fitness with Iteration and the calculated values of 

X, Y and Z are shown in Table-V and joint angles in 

Table-VI. 

Table- V: Iteration and Fitness 

S.No. 
Fit (Distance) 

It Fitness Calculated X,Y,Z 

1 100 0.01665 5.0186, -11.9922, 14.9686 

2 200 0.00477 5.0059, -11.9976, 14.9939 

3 300 0.00054 5.0003, -11.9999, 14.9994 

4 400 0.00078 5.0001, -12.0000, 14.9999 

5 500 8.06E-06 5.0000, -12.0000, 15.0000 

 

Table- VI: Iteration and Joint angles 

S. 

No. 

Fitness 

It T1 T2 T4 T5 T6 

1 100  0.002 -58.13 103.35 -20.03 -21.44 

2 200  -55.76 58.12 -1.59 -7.85 8.07 

3 300  -43.98 -7.85 108.14 -7.46 -48.58 

4 400 
113.8

9 
-23.56 -116.79 -20.42 47.94 

5 500 
-100.5

3 
-39.27 -4.08 17.67 129.2 
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Fig.10: Fit (distance) vs. Iteration 

 

Graph has been plotted for the 500
th

 iteration as shown in 

fig.10. The values of joint angles found for the Fit (distance) 

have been shown in Table-VI. 

The results for Error prevailing distance having Fitness 

(Error) function as in (45) have been shown in Table-VII and 

Table-VIII and Graph between the Fitness and Iteration is 

shown in fig.11. 

Table- VII: Iteration and Fitness 

S.No. 
Error 

It Fitness Calculated X,Y,Z 

1 100 0.04986 5.0716, -11.9699, 15.0331 

2 200 0.00386 4.9979, -12.0009, 15.0090 

3 300 0.00040 5.0008, -11.9997, 15.0000 

4 400 5.49E-05 5.0000, -12.0000, 15.0000 

5 500 1.12E-05 5.0000, -12.0000, 15.0000 

 

Table- VIII: Iteration and Joint angles 

S. 

No. 

Error 

It T1 T2 T4 T5 T6 

1 100 0.006 -45.55 -2.89 -7.47 61.87 

2 200 -0.00 -89.53 -38.4 17.67 113.95 

3 300 7.073 64.40 -52.0 -7.85 -11.09 

4 400 0.79 26.70 34.5 4.71 -64.90 

5 500 -50.27 -70.69 103.1 -1.18 21.40 

 

 
Fig.11: Fitness (Error) vs. Iteration 

The comparison graph between the Fitness function (with 

fit and Error), Fit (distance), and Fitness (Error) has been 

plotted in fig.12. Top and Bottom plotted line (Red and green 

respectively) shows results for Fitness (Error) & Fitness 

(distance) and the centre line (Blue) give results for the 

Fitness function which is a combination of distance and error. 

The Fitness plotted line (Blue line) indicates that results can 

be improved by combining the distance and error function as 

shown in fig.12. 

 

 
Fig.12: Graph Fitness vs. Iteration 

Fitness of 1.36E
-05

 has been calculated with 500
th

 iteration 

of (45). In the test at 1000
th

 Iteration Fitness of 3.55E
-10

 with 

joint angles theta1, theta2, theta4, theta5 and theta6 (-74.61, 

14.14, 35.035, -1.57, 27.94) and with 2000
th

 Fitness of 1.3E
-14

 

with joint angles (32.21, 14.14, -72.43, 10.99, 14.81) has 

been obtained as shown in fig.13 and fig.14. 

 

Transformation Matrix at 1000
th

 Iteration 
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Fig.13: Fitness vs. Iteration (at 1000

th
 ) 
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Transformation Matrix at 2000
th

 Iteration 

T =

























1000

159845.01085.01376.0

121234.01282.0984.0

5124.09858.01128.0
 

(49) 

 

 
Fig.14: Fitness vs. Iteration (at 2000

th
) 

Homogeneous matrix for the 1000
th

 and 2000
th

 iteration for 

joint angles has been written in (48) and (49). By combining 

the fit (distance) and Error accurate target position has been 

achieved. 

V. CONCLUSION 

This paper presents the kinematic modeling of 6-DOF 

robotic arm using matrix inversion methods to get the joint 

angles. The motion of the robot through various angles and 

coordinates can be controlled in various directions along with 

various joint angle combinations. 

The direct and inverse kinematics concepts were also used 

to find the position of end-effectors for various joint angles, 

and joint angles for the end-effectors. Roboanalyzer has been 

used to show the 3D model of the Stanford manipulator. 

Different simulations have been performed to fix the 

values of parameters of the firefly algorithm.  

The results were verified for the forward kinematics and 

inverse kinematics using MATLAB software with Firefly 

algorithm. The simulation results for the different joint angles 

and offset with error difference has been calculated. The best 

solution has been obtained using different values of firefly 

parameters. 
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